ABSTRACT The asymptotic high-signal-to-noise ratio (SNR) symbol error rate (SER) performance of selective decode-and-forward cooperative multiple relay-aided wireless systems is derived for M -PSK and M -QAM modulations. The proposed analysis considers both dual-phase and multi-phase relaying protocols. Furthermore, analytical results are also presented for optimal power allocation both at the source and at each of the relays, since it significantly influences the performance of cooperative communication. A novel aspect of the proposed framework is that the SER and optimal power allocation results derived are applicable to diverse fading channels such as η − µ, κ − µ, and shadowed-Rician scenarios and each for non-identical fading for the source-destination, source-relay (SR), and relay-destination (RD) links. The applicability of the proposed framework is also demonstrated for diverse PHY layer schemes, such as multiple-input multiple-output-orthogonal space-time block codes, cooperative beamforming, joint transmit/receive antenna selection, and free-space optical scenarios. This high-SNR analysis provides the valuable insights into the impact of the diversity orders of the SR and RD links on the end-to-end SER as well as on the optimal power allocation factors both in the dual-phase and multi-phase protocols of various fading channels and schemes. Our simulation results verify the analytical results derived.
I. INTRODUCTION
Cooperative communication [2] - [5] relying on multiple spatially separated relay nodes, has gained significant popularity due to its ability to enhance the coverage area as a benefit of its high diversity gain. On a similar note, cooperative communication is also capable of significantly enhancing the reliability, lifetime and throughput of communication networks. Amongst the various protocols proposed for cooperative communications, selective decode-and-forward (DF) [2] , [6] , that relays the symbols only when the signal to noise ratio (SNR) is above a threshold, has been shown to be particularly resilient to error propagation. In this context, the authors of [6] - [18] have analyzed the performance of multi-relay cooperative scenarios in terms of their symbol error rate (SER), outage probability etc. However, majority of contributions in the literature consider specific fading scenarios in conjunction with a fixed physical (PHY) layer transmission scheme. Another idealized simplifying assumption that the source-destination (SD), source-relay (SR), and relay-destination (RD) links fade identically, which limits their applicability and prevents the extension of results to other fading scenarios.
In order to circumvent the above limitations in the literature, we present a simplified analytical framework based on a polynomial high-SNR approximation of the fading channel's probability density function (PDF) described in [19] to characterize the high-SNR performance of both dual-phase (P 0 ) and multi-phase (P m ) multi-relay selective DF systems for several channels such as Nakagami, Weibull, ShadowedRician, κ − µ fading etc. The advantage of the proposed analysis is that our results characterize both the endto-end SER, the diversity order as well as the optimal power allocation for several popular techniques such as multiple-input multiple-output (MIMO)-orthogonal space time block codes (OSTBCs), cooperative beamforming, transmit/ receive antenna selection etc. and hence it is not restricted to a specific scheme. Our generalized framework assists in consolidating and comparing the performance of cooperative communications for a wide range of fading channels, and PHY layer techniques. A brief review of existing treatises in this context is presented next.
A. RELATED WORK
Zhao et al. [7] presented the outage analysis of selective DF systems communicating over Rayleigh faded links. However, the analysis therein is restricted to single antenna nodes. Closed-form expressions have been derived by Hu and Beaulieu [8] for both the outage and error probabilities of selective DF relaying over dissimilar Rayleigh fading channels using multiple relays without considering optimal power allocation. An asymptotic approximation for the outage probability has been derived by Li and Kishore [9] to quantify the diversity order and coding gain of a multi-relay amplify-and-forward (AF) cooperative system communicating over Nakagami-m fading channels. The high-SNR end-to-end performance of a selective DF based multi-relay cooperative system has been analyzed by Soleimani-Nasab et al. [10] , [11] over independent Nakagami-m and Rician fading links, respectively. The system model of [9] considers only a single antenna at each of the relays, while [10] and [11] assume two antennas at each relay, with single antenna source and destination nodes. Hence, the results therein cannot be readily generalized to nodes with an arbitrary number of antennas. A two-phase multi-relay single-input single-output (SISO) cooperative beamforming system has been analyzed in terms of its outage probability and bit error rate (BER) by Hong et al. [12] . Hesam et al. [13] recently conceived a cooperative beamforming technique and analyzed its BER. However, these works are restricted to Rayleigh fading links and cannot be readily extended to other fading scenarios. Moreover, the optimal power allocation has not been presented. Liu et al. [6] and Sadek et al. [14] presented the analysis of a class of multi-phase multi-relay DF cooperative protocols C(m); 1 ≤ m ≤ M − 1, with M denoting the number of relays, in which each relay combines the signals received both from the source and from a subset of previous relays. However, the SER and power allocation analyses therein have only been presented for single antenna nodes over Rayleigh faded links. Thus, there is a void in existing research in terms of a general framework for the analysis of multi-relay cooperative systems, which is applicable to a broad variety of fading channels and PHY layer schemes.
B. CONTRIBUTIONS AND ORGANIZATION OF THE PAPER
We propose a simplified framework for the SER and optimal power allocation analysis of selective DF based cooperative communication systems using multiple relays, that is applicable for various fading scenarios and transmission schemes relying on M -QAM/ M -PSK modulation. The polynomial approximation of the fading channel's PDF of Wang and Giannakis [19] is described in Section II-A, which provides accurate parameterizations for diverse fading channel PDFs. This is used for quantifying the key performance metrics of cooperative wireless system. Closed-form expressions are derived both for the asymptotic end-to-end SER and for the diversity order of our dual-phase (P 0 ) and multi-phase (P m ) protocols in Sections II-B and III-B, respectively. We also derive the optimal source and relay power allocation for end-to-end error rate minimization in Sections II-B.1 and III-B.1. The impact of the diversity orders of the SR and RD links on the end-to-end SER as well as on the optimal power fractions is explicitly demonstrated for both the dual-phase and multi-phase protocols. A novel aspect of the work is that the analytical results derived are not restricted to any particular PHY layer scheme and their applicability is explicitly demonstrated for both single as well as multiple antenna nodes relying on MIMOOSTBCs, MIMO-zero forcing (ZF), cooperative beamforming, free-space optical (FSO) links etc in Section IV. The simulation results of Section V demonstrate the performance of the cooperative systems under consideration, while simultaneously verifying the analytical results.
The following notation is used in the rest of the presentation. The quantity A H denotes the Hermitian transpose of the matrix A, |a| represents the magnitude of the complex number a, A F denotes the matrix Frobenius norm given by A F = Tr(AA H ), where Tr(·) is the trace of a square matrix. The symbol . = is used to represent the high-SNR approximation. Finally, E{·} denotes the expectation operator and C N ×M denotes the space of (N × M ) matrices over the complex field C. In addition, the complete list of acronyms used in this work is given in Table I . VOLUME 6, 2018 FIGURE 1. Selective DF based P 0 cooperative system with multiple relays.
II. P 0 BASED SELECTIVE DF RELAYING
This section begins by describing our cooperative communication model for the dual-phase multiple-relay protocol P 0 . The analysis of the multi-phase multi-relay protocol P m using inter-relay communication is subsequently described in Section III. It is also worth noting that the results for the dual-phase protocol P 0 cannot be derived as a special case of the multi-phase protocol P m , since the dual-phase protocol involves a single phase for the transmission of multiple relays. By contrast, the multi-phase protocol has several phases, with a single relay transmitting in each stage based on combining the information of one or more relays from the previous stages.
A. SYSTEM MODEL
Consider now a selective DF cooperative wireless scenario with a source (S)-destination (D) node pair in addition to R relay nodes R 1 , R 2 , · · · , R R , as shown in Fig. 1 . The cooperative relaying protocol P 0 is described as follows. In the initial phase, the source broadcasts an information symbol to the R relays and destination nodes with power P 0 . In the subsequent relaying phase, the group of R relays employ selective DF based retransmission, wherein the relays forward the symbol to the destination node with power P r , 1 ≤ r ≤ R only if the decoding SNR exceeds the reliable decoding threshold, similar to [6] , [14] , and [21] . The source-destination, source-r th relay, and r th relay-destination wireless links are assumed to be fading independently with average gains of δ 2 sd , δ
, respectively. A novel aspect of the cooperative system model considered is that the various links may obey non-identical fading distributions, in contrast to [6] - [17] , which consider identical fading distributions for the various constituent links. The circularly symmetric zero-mean complex additive white Gaussian noise at each receiving node has a variance of η 0 /2 per dimension.
Let the average SNRsγ SD ,γ
RD corresponding to the source-destination, source-relay r, and relay r-destination links be defined as,γ SD =
respectively. The instantaneous SNRs at the destination and relay r during the first phase and at the destination corresponding to the transmission by relay r at the end of the ensuing cooperative phase are given by: RD are channel-dependent nonnegative random variables. For instance, for the standard maximum ratio combining, we have β = ||h|| 2 , where h is the fading coefficient vector of the corresponding multiple-antenna link, while for MIMO scenarios associated with zero-forcing reception, β =
, where H denotes the MIMO channel matrix of the corresponding link, with N representing the number of transmitter antennas (TAs) and the subscript i denoting the i th transmitted symbol. The variable β plays an important role in the proposed analysis and by appropriately choosing these parameters, one can analyze a wide variety of cooperative PHY layer schemes and fading channel distributions, as demonstrated in this treatise.
Since the high-SNR performance of the cooperative wireless system depends on the channel's probability density function (PDF) at β → 0 + , we may invoke the following result, originally presented by Wang and Giannakis [19] . The PDF f β (β) of the quantity β corresponding to the various links can be approximated by a single polynomial term for β → 0 + as [19] 
where > 0, o β t+ represents higher order terms, a is a positive constant and the parameter t characterizes the order of smoothness of the PDF f β (β) at the origin. The values of the parameters a and t can be determined using the PDF of the fading channel for single antenna nodes and are listed in Table 2 . However, for multiple antenna nodes, the values of these parameters depend also on the specific transmission/reception scheme employed in addition to the fading distribution(s), as it will be demonstrated in Section IV for various schemes such as zero-forcing, OSTBC etc. It is also worth mentioning that although the values of the parameters for Nakagami-m, Nakagami-q and Nakagami-n channels having unit average channel gains, i.e. δ 2 = 1 and single TAs are given in [19] , to the best of our knowledge, the values of these parameters for the other fading channels listed in Table 2 are not available in the open literature. Using the above framework, the following sub-section begins by deriving a general asymptotic upper bound on the end-to-end SER for the dual-phase protocol P 0 described above, which is subsequently also employed for deriving both the diversity order and the optimal power fractions at the source and relays.
B. SER ANALYSIS AND OPTIMAL POWER ALLOCATION OF
− 1 represent one of the possible 2 R network states, where ξ j (r) denotes the state of relay r for 1 ≤ r ≤ R that takes the binary values 1 and 0 corresponding to relay r decoding correctly 50406 VOLUME 6, 2018 and erroneously, respectively. For instance, ξ 0 represents the specific state in which all the relays decode in error, while on the other hand, ξ 2 R −1 denotes the state in which all the relays decode the symbol transmitted by the source correctly. Based on this, the total end-to-end SER of the P 0 cooperative system, conditioned on the channel state information (CSI), can be written as [14] , [16] 
where
RD , 1 ≤ r ≤ R} depends on the CSI of the specific cooperative communication system. Furthermore, Pr(e|ξ j , β) denotes the end-to-end SER conditioned on the cooperative system being in state ξ j and the CSI β, while Pr(ξ j |β) denotes the corresponding probability of the system being in state ξ j , conditioned on β. Assuming the nodes of the cooperative system to be spatially distributed with independent and possibly non-identically fading links, the probability terms Pr(e|ξ j , β), Pr(ξ j |β) are independent, since the former depends on the SD and RD links, while the latter depends on the SR links. Averaging over the PDF of the CSI β, the average end-to-end SER for the dual-phase protocol P 0 is expressed as
Let the set j be defined as j = {r|ξ j (r) = 1, 1 ≤ r ≤ R}, i.e. j includes all the relays that decode the symbol correctly. The result below represents the generalized asymptotic expression for the SER of the P 0 protocol, which is applicable for various fading channels as well as PHY layer schemes, considering both M -PSK and M -QAM digital modulation schemes. 
where¯ j denotes the complement of the set j and b M is defined as
The values of the constant C n for the M -PSK and M -QAM modulation schemes are defined in equations (6) and (7), as shown at the bottom of this page, respectively [22, eq. 2.511.2] . Proof: Given in Appendix A. An illustrative application of the above result can be demonstrated for the simple case of the P 0 protocol considering Rayleigh fading channels and QPSK modulation. For such a scenario, as shown in Table 2 , the parameters are a SD = .
Similarly, the corresponding SER results can now be derived for several other fading channels listed in Table 2 in a straightforward fashion, which demonstrates the wide applicability of the above framework. The diversity order and the optimal power allocation of the P 0 protocol are developed next.
1) DIVERSITY ORDER AND OPTIMAL POWER ALLOCATION FOR THE P 0 SELECTIVE DF MULTIPLE RELAY SYSTEM
Let the power fractions for the source and r th relay, denoted by α 0 , α r respectively, be defined as
into the expression for the end-to-end SER Pr(e) derived in Theorem 1 yields
where the exponent d j and the constant C j corresponding to the state ξ j are given as
.
The optimal power fractions and hence the optimal source-relay power sharing is now given by the result below. Theorem 2: The optimal power fractions α 0 , α r , 1 ≤ r ≤ R, for the dual-phase protocol P 0 -based selective DF cooperative system relying on R relays are given by the solution of the optimization problem below
where the quantities d j and C j are defined in (10) and (11), respectively. Proof: The optimization problem above can be readily formulated by minimizing the value of Pr(e) from (9) together with the total power budget of the P 0 protocol limited by P,
50408 VOLUME 6, 2018 leading to the constraint in (12) in terms of the power fractions α 0 , α r . It can be seen that the optimization problem in (12) is a standard geometric program (GP) [23] that can be solved to obtain the optimal source-relay power fractions for a multi-relay scenario using a convex solver such as CVX [24] . Moreover, one can also explicitly obtain the optimal power fractions for a single relay scenario, i.e. for R = 1 as given by the following result.
Lemma 1: The optimal power fractions α 0 , α 1 for a R = 1 relay P 0 protocol, with t SD = t SR = t RD = 0 that holds for various fading channels such as Rayleigh, Nakagami-q, Nakagami-n, Rician, and Shadowed Rician as shown in Table 2 , are obtained as
, (13) where the constants arec 1 =
. Proof: For R = 1, the optimization problem in (12) reduces to
where the constants τ 1 and τ 2 are defined as
The optimization problem given in (14) can now be solved using the Karush-Kuhn-Tucker (KKT) framework, i.e. by differentiating it with respect to α 0 and then setting it equal to zero, which yields the following polynomial equation for α 0
where the constantsc 1 =
. A nonnegative zero of the above polynomial equation yields the optimal power fraction α * 0 , 0 < α * 0 ≤ 1 at the source and therefore, the optimal power fraction for the relay is α * 1 = 1 − α * 0 . Furthermore, setting t SD = t SR = t RD = 0 for the various fading channels considered in Lemma 1, the roots of the resultant quadratic equation for α 0 can be evaluated as shown in (13) .
The generalized expression for the diversity order of the P 0 protocol and its impact on the optimal power sharing for various scenarios is described next. Since the term corresponding to the minimum value of the exponent d j dominates the endto-end SER expression of (9) at high SNRs, the diversity order is given by
In order to gain deeper insights into the diversity order and optimal power sharing, consider t (r) SR = t SR and t (r) RD = t RD for 1 ≤ r ≤ R. For this scenario, the expression in (9) can be simplified as
where the constant C j is defined as
Therefore, the diversity order is seen to be given as
The results below give the simplified SER expressions for various scenarios that are seen to yield important insights. Lemma 2: For the scenario having diversity orders higher than those of the source-relay links for the relay-destination links, i.e. for t RD + 1 > t SR + 1 ⇒ t RD > t SR , the end-toend SER for the dual-phase protocol P 0 -based selective DF cooperative system can be simplified to
with the corresponding diversity order for this scenario obtained as t SD + t SR R + R + 1. Proof: For the scenario when t RD > t SR , it can be seen that min . =
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Furthermore, from the exponent of the 1/SNR term (η 0 /P) from above, it can be seen that the diversity order is t SD + t SR R + R + 1. Moreover, it is seen from the above result that the endto-end SER performance of the system for this scenario of t RD > t SR depends only on the source power fraction α 0 . Hence, the end-to-end error Pr(e) is minimized by setting α 0 close to its maximum possible value, i.e. to 1. In other words, P 0 is approximately P, which in turn implies that a significant portion of the available power is allocated to the source.
Lemma 3: For the scenario with the diversity orders higher than those of the relay-destination links for the source-relay links, i.e. t RD + 1 < t SR + 1 ⇒ t RD < t SR , the end-to-end SER for the dual-phase protocol P 0 -based selective DF cooperative system is obtained as
with the corresponding diversity order for this scenario determined as t SD + t RD R + R + 1.
Proof:
The proof is similar to that of Lemma 2 above and can be derived by noting that when t RD < t SR , we have min
Retaining only the dominant term j = 2 R − 1 and ignoring the rest leads to the result above.
Furthermore, with respect to the power sharing for this scenario, it is seen that error rate minimization corresponds to maximizing the product α 0 R r=1 α r in (23) . This is in turn achieved by setting α 0 = α r = 1 R+1 , 1 ≤ r ≤ R, corresponding to equal power sharing between the source and the relays.
Finally, for the scenario of t SR = t RD , all the terms corresponding to the states ξ j , 0 ≤ j ≤ 2 R − 1 contribute to (18) . It can be seen from (20) that the diversity order achieved for this scenario is t SD + t SR R + R + 1, since t SR − t RD = 0. Therefore, this result and the ones in Lemmas 2, 3 can now be combined to yield the general expression for the diversity order of
As a simple illustration, setting t SR = t RD = t SD = 0 corresponding to various fading channels such as Rayleigh, Rician, Nakagam-q etc. with single antenna nodes yields the standard result of d P 0 = R + 1. The framework for the asymptotic performance analysis of the class of P m , 1 ≤ m < R selective DF multi-relay multi-phase cooperative protocols is detailed next.
III. P m BASED SELECTIVE DF RELAYING A. SYSTEM MODEL
Consider the multi-phase relaying protocol P m as shown in Fig. 2 , which, in contrast to the dual-phase cooperative . Therefore, the instantaneous SNR corresponding to the transmission between relayr and relay r can be expressed as, γ . In the P m protocol, the cooperative relaying transmissions are spread over a total duration of R+1 phases with each relay receiving the signal from the source and at most m previous relays. The source transmits the symbol in the first phase, while each individual relay r selectively retransmits in phase r + 1, after combining the transmission of the source with the signals received from min{m, r − 1} previous relay transmissions. Finally, the destination decodes the symbol after R + 1 communication phases using the signals received from the source and the relays.
B. SER ANALYSIS AND OPTIMAL POWER ALLOCATION OF P m BASED SELECTIVE DF RELAYING
Similar to the analysis for the P 0 cooperative protocol in Section II-B, let the state of relay r and the network state be defined as ξ j (r) and ξ j , respectively. Furthermore, let j (r) be defined as, j (r) = {r| max{1, r − m} ≤r < r, ξ j (r) = 1}, i.e. all the relays preceding relay r which decode the symbol transmitted by the source correctly. Below we derive a generalized high-SNR end-to-end SER expression for the P m protocol.
Theorem 3: At high SNRs, the average end-to-end probability of symbol error Pr(e) at the destination for a P m based selective DF multi-relay cooperative system is given by
where the constants b M and C n are as defined in Theorem 1. Proof: Given in Appendix D. To illustrate the applicability of the above result, one can derive the end-to-end SER at the destination for the multi-phase protocol P m -based system using M -ary PSK over a standard Rayleigh fading channel by setting the parameters as a SD =
in Eq. (25) above. The corresponding closed-form expression for Pr(e) of the system is obtained as
The next subsection characterizes the optimal source relay power sharing and diversity order for the P m protocol.
1) DIVERSITY ORDER AND OPTIMAL SOURCE RELAY POWER ALLOCATION FOR P m BASED COOPERATIVE COMMUNICATION
Employing the power fractions α 0 = P 0 /P, α r = P r /P, 1 ≤ r ≤ R, the expression in (25) above for the end-to-end SER of the P m system can be recast as
RR + 1 and the coefficient X j corresponding to state ξ j is defined as
It can be observed that the exponent d j can be lower-bounded
SR with equality when
arises for the states,
Hence, considering the dominant (R + 1) terms in the expression of Pr(e) corresponding to the above states, the convex optimization problem for optimal source-relay power allocation in the P m protocol can be formulated as
SR and the constant term X j is defined as
The associated diversity order is d = min
Interesting insights can now be obtained both for the diversity order and for the optimal power sharing by considering t (r) SR = t SR and t (r) RD = t RD , ∀r. For such a scenario, considering only the dominant (R + 1) terms described above, the expression in Eq. (27) for the average SER reduces to
where the exponent D j and the coefficient X j are defined as
Furthermore, by setting t (r) SR = t SR and t (r) RD = t RD , ∀r, it follows from (32) that the diversity order achieved is
Based on the above result, the end-to-end SER and diversity order expressions of the P m protocol in various scenarios are derived next. 
and the corresponding diversity orders are
The proof follows from the fact that for t SR > t RD , min
{|¯ j |(t SR − t RD )} = 0 occurs when |¯ j | is minimum, which in turn occurs for the state ξ j=2 R −1 = [1, 1, · · · , 1] T , i.e. when none of the R relays decode erroneously. Hence, considering the dominant term corresponding to ξ j=2 R −1 in the SER expression (31) and neglecting all other terms yields the end-to-end SER approximation in (35) and the diversity order is seen to be (t SD + 1 + Rt RD + R) from the exponent of the quantity (η 0 /P). The analogous result for t SR < t RD is similarly derived by noting that the dominant term in the Pr(e) expression in (31) for this case corresponds to the state
Furthermore, for the scenario of t SR = t RD , the diversity order can be seen from (31) to be (t SD +1+Rt RD +R). Finally, by considering the minimum of the diversity orders obtained for the scenarios of t SR = t RD , t SR > t RD , and t SR < t RD , a succinct expression for the diversity order of this system can be derived as
Considering now the aspect of optimal power sharing, when t SR > t RD , it can seen from (35) that all the power fractions α 0 , α r , 1 ≤ r ≤ R contribute to the end-to-end Pr(e). Hence, the optimal power sharing is given as α 0 = α r = 1 R+1 , 1 ≤ r ≤ R, i.e. equal power sharing across all the transmitting nodes is optimal. On the other hand, for t SR < t RD , α 0 = 1 is optimal since only the power fraction α 0 is present in the dominant terms in the expression for Pr(e) in (36) . For a general scenario, the pertinent optimization problem for source-relay power utilization in the P m system, considering t 
where the coefficient X j corresponding to state j is defined as
which is a geometric program that can be readily solved using convex solvers such as CVX [23] . The next sections demonstrate the applications of the framework developed above for multiple-relay cooperative systems in various practical scenarios.
IV. APPLICATIONS
One of the important aspects of the proposed framework is that the results provided above are applicable in many scenarios for fading distributions and PHY layer transmission schemes such as space-time coding, cooperative beamforming or antenna selection etc. These schemes or a combination of these can be therefore adopted by the nodes of the cooperative P 0 , P m systems to further enhance reliability and performance of communication. The analyses pertaining to such systems are developed below. It can also be noted that due to page limitations, the analysis of other practically relevant systems is given in detail in the technical report [25] .
A. MIMO-OSTBC BASED MULTI-RELAY COOPERATIVE SYSTEMS
OSTBCs are ideally suited for attaining beneficial diversity gains in multiple-input multiple-output (MIMO) systems since they achieve the full diversity gain despite using low-complexity linear processing at the receiver. Furthermore, they do not require any feedback of the channel state information from the receiver, thus resulting in no overheads. Thus, MIMO-OSTBC schemes have been the focus of [16] and [26] . The proposed framework can be readily extended to the analysis of such cooperative MIMO-OSTBC systems, as demonstrated in this section. Let us consider a multi-relay aided cooperative scenario relying on multiple antenna assisted source and relay nodes, each with N s = N r = N antennas, since the source and relays employ the same complex OSTBC design of either a square or non-square matrix.
Let N d denote the number of antennas at the destination node. This standard cooperative OSTBC system model is similar to the ones considered in [27] . Due to OSTBC based transmission, this scheme does not require CSI at the transmitter, whereas for decoding purposes it is assumed that perfect channel knowledge is available at each of the receiving nodes. The received codewords
SR ∈C N ×T at the destination and relay r respectively in the first phase corresponding to the broadcast from the source with power P 0 are given as
where T is the block length, R c denotes the OSTBC rate and X ∈ C N ×T represents the OSTBC transmit matrix. The matrices H SD and H
(r)
SR are the MIMO channel matrices between the source and destination, source and relay r, respectively. The codeword Y (r) RD ∈ C N d ×T received at the destination during the subsequent relay transmission phase is expressed as
where P r is the power at relay r and H
RD denotes the MIMO channel matrix between relay r and the destination node. The instantaneous SNRs of the source-destination, source-relay r, and relay r-destination links can be seen to be given as, , respectively. Therefore, β SD is Gamma distributed with the PDF of:
Using the identity exp(−x)= ∞ j=0 (−x) j /j!, the above expression for f β SD (x) can be rewritten as
Considering the term corresponding to the summation index j = 0 in the above expression, the parameters a SD and t SD for the source-destination link can be obtained as
Similarly, one can determine the respective parameter values for the SR and RD channels as
RD − 1. The parameter values above can now be substituted into the results derived in Section II-B, specifically into (4) for the end-to-end SER and into (12) for the optimal power sharing, to obtain the desired results for the dual-phase MIMO-OSTBC multi-relay system over Nakagami-m fading channels. One can also derive the corresponding results for the multi-phase MIMO-OSTBC multi-relay system communicating over Nakagami-m fading links, using the same parameters above, together with a the results for end-to-end SER and optimal power allocation VOLUME 6, 2018 derived in (25) and (29) respectively in Section III. Furthermore, using these parameter values, it can be readily seen that the diversity orders of the P 0 , P m based MIMO-OSTBC cooperative schemes communicating over Nakagami-m fading links with m
The above results illustrate that the diversity order of the cooperative MIMO system depends not only on the number of relays and antennas at the source, relay, and destination nodes, but also on the fading parameters of the various links.
B. MULTI-RELAY SISO COOPERATIVE SYSTEMS WITH COOPERATIVE BEAMFORMING
Cooperative beamforming can be achieved by the relays to form a 'virtual' antenna array, thus gleaming advantages similar to those of multi-antenna systems with the aid of single antenna relays. Careful selection of the beamforming weights in such a system can lead to a significant improvement of the diversity order and in turn of the reliability of signal reception at the destination node. Furthermore, this technique has been shown to be ideally suited for cognitive radio networks [29] , [30] as well as for physical layer security [31] . The results derived for this system employing the proposed framework are described below. Consider a cooperative beamforming-based multi-relay SISO cooperative P 0 system in which the set of relays j that decode the signal correctly transmit in the second phase simultaneously in the same band. Note that since orthogonal channels are not required by the multiple relays, this results in significant savings in terms of bandwidth. The signal received at the destination and relay r in phase I can be modeled as SR are the fading channel coefficients between the source and destination, source and r th relay, respectively. Using the above equations, the instantaneous SNRs at the destination and relay nodes can be derived as,
SR , where the parameters β SD and β In the subsequent relaying phase, the relays in the set j simultaneously retransmit the symbol x to the destination using the beamforming coefficients {B r , ∀r ∈ j }. The aggregate signal received at the destination can be expressed as
where w RD is the symmetric complex AWGN at the destination with a variance of η 0 /2 per dimension and h
RD is the fading channel coefficient between relay r and the destination.
Using the optimal maximal ratio combining beamforming
for all r ∈ j [12] , the instantaneous SNR at the destination can be expressed as,
Therefore, substituting the parameters (a SD , t SD ), a Table 2 into the expression for Pr(e) in (4), one can readily obtain the end-to-end probability of error for cooperative beamforming in various fading scenarios. These parameters can be further substituted into (12) in Section II-B to obtain the optimal power fractions at the source and relays.
C. FSO BASED MULTI-RELAY COOPERATIVE SYSTEMS
Free space optical (FSO) relaying systems have recently gained significant popularity due to their low cost and rapid deployability [32] . Furthermore, FSO systems have the ability to support higher data-rates and use license-free spectrum for operation, thus making them ideally suited for communication applications. Extension of the cooperative communication paradigm to FSO systems has been proposed by Anees and Bhatnagar [33] , [34] . These systems employ the subcarrier intensity modulation (SIM) technique for transmission of M -ary PSK modulated optical symbols over FSO links, as described in [35] . In such a system, the signals received at the r th relay and destination nodes after optical-to-electrical conversion are given as
where η SD and η SR are the complex-valued AWGN samples with a mean of 0 and a variance of η 0 /2 per dimension. It is assumed that each relay has channel knowledge for its respective SR link, whereas the destination node has channel knowledge of the SD and all the RD links for coherent detection. The instantaneous SNRs at each relay r and destination node in the first phase can be expressed as γ RD corresponding to the source-destination, source-relay r, and relay r-destination links, respectively. The PDF of β SD denoted by f β SD (x) can be obtained as [33] 
where ζ k (a, b) is defined as,
The parameters (a SD , t SD ) corresponding to the PDF above can be obtained by considering the dominant term with k = 0 as
Similarly, one can derive these parameters for the source-relay r, relay r-relay q, and relay r-destination links as
RD }/2 − 1. Thus, substituting the above parameters into (24) and (39) respectively, one can now derive the diversity orders of the P 0 and P m based multi-relay systems communicating over Gamma-Gamma distributed FSO links with t 
Furthermore, these parameters can also be substituted into (12) and (29) to obtain the optimal power fractions.
D. TRANSMIT AND RECEIVE ANTENNA SELECTION BASED MULTI-RELAY COOPERATIVE SYSTEMS
It is widely recognized that multiple antennas at the transmitter and receiver significantly improve the reliability of communication through diversity. However, this also leads to an increased signal processing complexity as well as to increased higher device costs due to the individual RF chains required for signal reception at the multiple antennas. Intelligent antenna selection can enhance the practical appeal of such systems by reducing their complexity and cost, while retaining their diversity advantages [36] , [37] . The proposed framework can be exploited for the analysis of cooperative systems with antenna selection at the source, destination and individual relay nodes, as demonstrated below. Consider a P 0 and P m based selective DF wireless cooperative system using N s , N r , and N d antennas at the source, relay and destination nodes, respectively. The transmit and receive antenna selection is based on instantaneous SNR maximization at the destination node, as per the procedure detailed below. In the first step, the i th transmit antenna at the source and n th receive antenna at the destination are selected for ensuring the direct SD SISO link has the maximum channel gain amongst all the N d N s SD links. In the second step, a single receive antenna is selected at each relay based on the maximum channel gain from amongst the N r channels emanating from the i th antenna at the source to each relay. This is denoted by k r , where the subscript r represents relay r. In the final step, the (k r ) th antenna at relay r and (ñ r ) th antenna at the destination node are selected based on the maximum channel gain of all the N d N r links between relay r and the destination nodes. The instantaneous SNR at the destination in the first phase is RD ) 2 ), respectively. One can now employ the expression for the PDF f β SD in (x) of the Gamma distributed random variable β SD in , to calculate the parameters a SD and t SD as follows. The CDF and PDF of β SD denoted by F β SD (x) and f β SD (x) respectively, are
where F β SD in (x) is the CDF of the quantity β SD in . Differentiating the above equation with respect to x, the PDF f β SD (x) can be obtained as
Furthermore, using the identities γ (s, 
Similarly, the parameters a
RD for the RD links can be obtained using the PDF f β
The received SNR at the (k r ) th antenna of relay r corresponding to transmission by the i th source antenna chosen in the first phase is obtained as
where β
Following a procedure similar to the one described above for the SD link, the parameters a The above parameters can be employed in the relevant results in Section II-B for the analysis of the P 0 cooperative system with transmit and receive antenna selection. For the P m system, consider the antenna selected at each relay in the third step of the procedure described above used for inter-relay communication. The relevant parameters for transmission from relay r to q can be expressed as a
RR − 1 using the Nakagami-m fading PDF f β RD above in (24) or (39) , the identical diversity order of the P 0 and P m systems with transmit and receive antenna selection over Nakagami-m faded links, assuming t 
The parameters can also be substituted into (12) and (29) to obtain the optimal power fractions for transmit and receive antenna selection in both two-phase and multi-phase multirelay aided cooperative systems. (4), (25) with η − µ and κ − µ fading parameters given in Table 2 are simulated to plot asymptotic bounds, and (12) and (40) are used to obtain optimal power fractions at the source and both the relays.
V. SIMULATION RESULTS
This section presents simulation results for validating the proposed framework and derived results for the multi-relay cooperative systems for the various PHY layer and signal processing schemes considered above. For simulation purposes, consider the transmission of QPSK modulated symbols, i.e. M = 4 at a noise power of η 0 /2 = 0.5 per dimension. Fig. 3 plots the SER performance of the dual-phase and multi-phase P m , m = 1 protocol based selective DF SISO cooperative system over independent and possibly non-identical η−µ and κ − µ distributed SR, RD and SD links. It can be seen from Fig. 3 that the asymptotic SER approximations derived in (4) and (25) for the dual-phase and multi-phase protocols respectively are in close agreement with the simulation results at high SNRs. These plots also validate the expressions derived for the diversity order in Sections II-B.1, III-B.1 for the dual and multi-phase protocols respectively, and demonstrate that the proposed multi-relay schemes achieve a diversity order of d = t SD + 1 + R(min {t SR , t RD } + 1) = µ SD + R min {µ SR , µ RD } = 1.5 and d = t SD +1+R(min {t SR , t RD }+ 1) = 2µ SD + 2R min {µ SR , µ RD } = 3 under κ − µ and η − µ fading conditions respectively, with t (12) and (40) are used to obtain optimal power fractions at the source and both the relays.
simulated SER performance for both the multi-relay protocols with the optimal source-relay power sharing, obtained using the results in (12) and (40), respectively. It can be clearly seen that the optimal power fractions specified in Table 3 significantly improve the end-to-end SER of the systems. Furthermore, it can be observed from Table 3 that when the RD links are relatively strong in comparison to the SR links, more power is allocated to the source in comparison to the relays in both the P 0 as well as P m schemes. The remaining power is equally shared amongst both the relays in the P 0 scheme, whereas in the P 1 scheme, the power allocated to the second relay is higher than that allocated to the first relay. This can be expected, since the second relay is more reliable than the first relay in the P 1 scheme, as it combines the signals from both the source and the first relay prior to decoding, while the first relay decodes only the signal received from the source. Fig. 4 demonstrates the SER performance of P 0 and P m , m = 1 based multi-relay cooperative systems using (12) and (40) are used to obtain optimal power fractions at the source and both the relays.
QPSK modulated Alamouti coded MIMO-OSTBC transmission. For simulation purposes, the Nakagami fading parameters of each link are set to unity. In Fig. 4 , the SER plots are shown for equal power sharing, i.e. for α 0 = α 1 = α 2 = 1 3 and optimal power sharing for the scenarios when either the RD link is stronger than the SR link or both the links have equal channel gains. These results lend support to the claim that the optimal power sharing lead to a considerable end-to-end error rate reduction. Furthermore, a significant SER improvement can be seen for the scenarios when . This arises since a substantial fraction of the power is allocated to the source in comparison to the relays, which translates into a lower probability of error at the relay as well as destination nodes compared to equal power sharing. Furthermore, for the scenarios when the SR link is stronger than the RD links, equal power sharing is optimal for both the multi-relay systems. It can also be seen from Fig. 4 that the MIMO-OSTBC based P 0 and P m , m = 1 multi-relay cooperative systems achieve a diversity order of It is also interesting to note that the optimal power sharing for the MIMO-OSTBC scenario is independent of the SNR, VOLUME 6, 2018 FIGURE 6. SER performance of cooperative beamforming in dual-phase P 0 based selective DF cooperative system with R = 2 relays, N s = N r = N d = 2, and noise power η 0 = 1, where analytical expression (4) with the parameters obtained in Section IV-B is simulated to plot asymptotic bound, and (12) is used to obtain optimal power fractions at the source and both the relays.
which arises due to having an equal number of antennas at the source, relay and destination nodes. However, for the MIMO-ZF selective DF cooperative system, where the number of antennas at the destination is higher than that of the source and relay, the optimal power fraction P 0 /P at the source progressively increases with the SNR, as clearly seen in Table 4 . This arises, since the diversity orders of the RD links are higher than that of the SR links. Fig. 6 . Moreover, as shown in Fig. 6 , the optimal power fractions derived using (12) can significantly enhance the performance of P 0 based cooperative systems. (4), (25) with the parameters obtained in Section IV-C are simulated to plot asymptotic bounds, and (12) and (40) are used to obtain optimal power fractions at the source and both the relays. scenarios is given in the technical report [25] due to lack of space in this paper. It has been shown in [39] that the parameters of a shadowed-Rician LMS channel for the source-relay r and SD links depend on the elevation angle θ as follows,
4864. For simulation purposes, the elevation angles are set as θ SD = θ
} and it is assumed that the channel between relay r and the destination experiences Nakagami-m fading with a parameter of m RD = 0.5 and average gain of δ 2 RD = 1. It can be clearly seen from Fig. 8 that the asymptotic SER approximation derived in (4) coincides with the simulation results and also that the system achieves the diversity order of d Hybrid Satellite-Terrestrial = 1 + R min{1, m RD } = 2, as derived in the report [25] . One can also observe that the performance of the hybrid satellite-terrestrial system improves using the optimal power fractions in (12) . Furthermore, the end-to-end performance of the system can be significantly enhanced by increasing the elevation angle.
VI. CONCLUSIONS
A simplified analytical framework has been presented based on a polynomial approximation of the fading channel PDF to characterize the high-SNR performance of dual-phase P 0 and multi-phase P m multi-relay selective DF cooperative communication systems for several fading distributions. The applicability of the proposed framework has been demonstrated through an analysis of the end-to-end SER performance of cooperative systems considering different PHY layer transceiver processing schemes, such as MIMO-OSTBC, MIMO-ZF, cooperative beamforming, transmit antenna selection, amongst others. Furthermore, a framework has also been developed for optimal source-relay power sharing for enhancing the end-to-end performance along with closed-form expressions of the diversity order achieved through cooperative communication. Our simulation results demonstrate the validity of the derived analytical results derived and characterize the performance of diverse cooperative communication systems.
APPENDIX A PROOF OF THEOREM 1
For the cooperative system in state ξ j , since only the relays r ∈ j would selectively retransmit the decoded symbol, the net instantaneous SNR at the destination is
Therefore, the end-to-end conditional symbol error probability for M -ary PSK modulation when the cooperative system is in state ξ j can be written as [6] Pr(e|ξ j , β) = 1 π
where b M = sin 2 (π/M ). Averaging over the CSI β, the average probability of symbol error in the state ξ j can be derived at high SNRs, as shown in Appendix B, as
The quantity Pr(ξ j ), which denotes the average probability of the system being in state ξ j , can be expressed as
since the links between the source and various relays fade independently. Furthermore, let e (r) denote the event of a decoding error at relay r. Thus, it can be seen that we have:
E β {Pr(ξ j (r)|β)} = E β {P S→R (r) (e (r) |β)} if ξ j (r) = 0, 1 − E β {P S→R (r) (e (r) |β)} if ξ j (r) = 1.
The quantity E β {P S→R (r) (e (r) |β)}, which denotes the average probability of decoding error at relay r can be evaluated using a procedure similar to the one given in Appendix B for Eq. (59) as 
where the parameters a SR depend on the PDF of the source-r th relay fading link. Furthermore, at high SNRs, one can employ the approximation 1 − E β {P S→R (r) (e (r) |β)} ≈ 1, similar to [6] . This can be seen to yield results that closely approximate the end-to-end performance of our cooperative wireless system. Hence, the expression for E β {Pr(ξ j |β)} given in (60) can be simplified to E β {Pr(ξ j |β)} . = . (63) It is worth mentioning that the expressions for E β {Pr(e|ξ j , β)} and E β {Pr(ξ j |β)} considering M -QAM, as shown in Appendix C, are identical to the expressions (59) and (63) derived for M -PSK modulation. However, the quantities b M and C n in (59) and (63) for M -QAM are different. Substituting now the expression for E β {Pr(ξ j |β)} from above and that for E β {Pr(e|ξ j , β)} from (59) into (3) yields the expression for the high-SNR end-to-end SER performance of the cooperative wireless system as given in (4), which completes the proof. In order to analyze the behavior of selective DF based cooperative systems at high SNRs, one can now employ the results of Section II-A for the PDFs of the various links at β → 0 + to evaluate the average probability of symbol error, when the cooperative system is in state ξ j . Exploiting these properties, the average end-to-end SER performance of the dual-phase cooperative wireless system can be simplified as seen in (64), as shown at the top of the next page. Furthermore, using the identity ∞ 0 x n exp(−µx)dx = (n + 1)µ −(n+1) [22, ,
Hence, using the above integral identities and neglecting the higher-order terms in the polynomial approximation for the PDF at high SNRs, Equation (64) can be simplified to yield the result for E β {Pr(e|ξ j , β)} stated in (59).
APPENDIX C DERIVATIONS OF E β {Pr(e|ξ j , β)} and E β {Pr(ξ j |β)} FOR M-QAM
The end-to-end conditional symbol error probability for M -ary QAM when the cooperative system is in state ξ j can be written as [6, . Following the same procedure as shown in Appendix B and averaging over the CSI β, the average probability of symbol error in the state ξ j can be derived at high SNRs as 
where the constant C n is defined in Eq. (69) .
(70)
APPENDIX D PROOF OF THEOREM 3
Similar to the P 0 protocol, one can once again take recourse to the fundamental relationship for the average end-to-end SER, averaged over the instantaneous CSI β given as
Pr(e) = E β {Pr(e|β)} = 
where the instantaneous CSI β for the P m protocol is defined as β = {β SD , β RR , 1 ≤ r ≤ R, max{1, r − m} ≤ r ≤ r − 1}. The average probability of the system being in state ξ j can be expressed as [16] E β {Pr(ξ j |β)} =
R r=1
Pr ξ j (r) ,
where the quantity Pr(ξ j (r)) is the average conditional probability of the relay r being in state ξ j (r) and can be defined for the P m system as Pr(ξ j (r)) = E β {Pr(ξ j (r)|ξ j (r−1), · · · ,ξ j (r−m), β} = E β {P S→R (r) (e (r) |β)} if ξ j (r) = 0, 1 − E β {P S→R (r) (e (r) |β)} if ξ j (r) = 1.
The average probability of error E β {P S→R (r) (e (r) |β)} at relay r, can be evaluated as shown in (74), as shown at the top of the next page. Exploiting now the fact that 1 − (·) ≈ 1 at high SNRs in (73), the expression for E β {Pr(ξ j |β)} in (72) can be simplified to E β {Pr(ξ j |β)} . = 
